We discuss log-convexity for the differences of the Popoviciu inequalities and introduce some mean value theorems and related results. Also we give the Cauchy means of the Popoviciu type and we show that these means are monotonic.
Introduction and Preliminaries
Let f x and p x be two positive real valued functions with b a p x dx 1, then from theory of convex means cf. 1-3 , the well-known Jensen inequality gives that for t < 0 or t > 1, 
1.2
The following result was given in 4 see also 5 . 
where
x − a n−1 /n .
1.10
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With the help of the following useful lemmas we prove our results.
Lemma 1.5. Define the function
− log x, s 0;
x log x, s 1.
1.13
Then
The following lemma is equivalent to definition of convex function see 9, page 2 . 
The paper is organized in the following way. After this introduction, in the second section we discuss the log-convexity of differences of the Popoviciu inequalities 1.4 , 1.7 , and 1.8 . In the third section we introduce some mean value theorems and the Cauchy means of the Popoviciu-type and discuss its monotonicity.
Main Results
Theorem 2.1. Let f : 0, 1 → R be continuous, increasing, and convex such that 0 < a ≤ f x ≤ b for x ∈ 0, 1 , and let f be defined in 1.5 and
2.1
and let Ω s f be positive. One has that Ω s f is log-convex and the following inequality holds for −∞ < r < s < t < ∞,
Proof. Consider the function defined by 
we have
By Lemma 1.7, we have
This implies Ω s f is continuous, therefore it is log-convex.
Since Ω s f is log-convex, that is, log Ω s f is convex, therefore by Lemma 1.6 for −∞ < r < s < t < ∞ and taking φ s log Ω s , we get
which is equivalent to 2.2 . 
2.11
Proof. In cf. 9, page 2 , we have the following result for convex function f with x 1 ≤ y 1 ,
Since by Theorem 2.1, Ω s f is log-convex, we can set in 2.12 : f x log Ω x and x 1 s, x 2 t, y 1 u, y 2 v. We get
2.13
and after applying exponential function, we get 2.11 . 
and let Λ s f be positive. One has that Λ s f is log-convex and the following inequality holds for −∞ < r < s < t < ∞,
2.17
Proof. As in the proof of Theorem 2.1, we use Theorem 1.4 instead of Theorem 1.3.
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Λ t f Λ s f 1/ t−s ≤ Λ v f Λ u f 1/ v−u .
2.18
Proof. Similar to the proof of Theorem 2.2.
Lemma 2.5. Let f : 0, 1 → R be convex of order 1, . . . , n 1 such that 0 < a ≤ f x ≤ b for x ∈ 0, 1 , f be defined in 1.5 and V be defined in 1.10 , and let β and F are Beta and Hypergeometric functions respectively, and
2.19
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Proof. First, we solve these three integrals
2.22
Take
and limits, when t → a then x → 0, when t → b then x → ∞. So,
2.24
By using Lemma 1.8 with a s 1/n 1, b 1/n, c −s, α 1, γ b/a such that 1/n 1 > 1/n > 0 and 0 < 1 < 2b/a, we get
Take second integral
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By using same substitution A as above, we get
2.29
By using Lemma 1.8 with a 1/n 1, b 1/n 1, c 1, α 1, γ b/a such that 1/n 2 > 1/n 1 > 0 and 0 < 1 < 2b/a, we get
Now, take third integral
2.31
Using integration by parts, we get
2.32
Let
2.34
2.35
By using same substitution A as above, we have
2.37
2.38
2.39
For s / 0, 1,
2.40
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Using I 1 , we have 
2.43
For s 1, Γ 1 f b na − n 1 f b − a a log a n 1 f − a n b − a n 1 /n b a t log t t − a n−1 /n dt − 1 0 f t log f t dt.
2.44
Using I 3 , we have 
2.45

